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Abstract:
It is known that the extremal Reissner-Nordstro¨m black hole possesses a discrete conformal
isometry that exchanges the black hole horizon with infinity. It is also known that the
Reissner-Nordstro¨m-de Sitter spacetime posseses a similar discrete conformal isometry which
exchanges the event horizon of the black hole with the cosmological horizon. In this short
paper we will continue this line of thought and extend the conformal isometry of the latter
spacetime and give an unphysical interpretation of the negative root.
1 Introduction
A spacetime, described by the metric gab, is said to possess a discrete conformal isometry if
there exists a map of the spacetime itself under which distances can change but only by an
overall factor, such that angles are preserved.
As Couch and Torrence showed[1], the extremal Reissner-Nordstro¨m black hole possesses
a discrete conformal isometry that exchanges the black hole horizon and infinity. Later
Bra¨nnlund showed[2] that the lukewarm Reissner-Nordstro¨m-de Sitter spacetime possesses
a similar discrete conformal isometry that exchanges the outer black hole horizon with the
cosmological horizon.
We will start by introducing the Reissner-Nordstro¨m-de Sitter spacetime and define what
a lukewarm spacetime means. The Reissner-Nordstro¨m-de Sitter spacetime is described by
the metric
ds2 = −V (r)dt2 + V −1(r)dr2 + r2dΩ22 (1.1)
where
V (r) =
1
r2
(
r2 − 2mr + e2 − λ
3
r4
)
=
1
r2
(r − ra) (r − rb) (r − rc) (r − rd) ,
(1.2)
where m is the mass of the black hole, e the charge, λ the cosmological constant, ra the inner
black hole horizon, rb the outer black hole horizon, rc the cosmological horizon and rd is the
negative root and the following holds
rd < 0 < ra < rb < rc. (1.3)
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If we restrict ourselves to the case of a lukewarm spacetime, when the Hawking temper-
atures of the outer black hole horizon and the cosmological horizon are equal, V (r) takes on
the simple form[3]
V (r) =
r4 − (r −m)2
r2
. (1.4)
It is now easy to solve explicitly for the roots.
2 Conformal isometry
In order to see the conformal isometry of the lukewarm spacetime more clearly, we define a
new coordinate x by
x(r) =
r − rb
rc − r
rc
rb
. (2.1)
When the spacetime is given in terms of this new coordinate, the inversion
x→ x′ = 1/x (2.2)
is a discrete conformal isometry of the spacetime. That is, under the inversion the following
equation holds
ds2 = Ω(x)ds2, (2.3)
where ds2 is the metric in terms of x′, ds2 is the metric in terms of x and Ω(x) is given by
Ω(x) =
xrb + rc
xrc + rb
. (2.4)
Now we can discuss what was mentioned in the abstract and introduction, which hypersurfaces
are exchanged under this conformal isometry. From the form of x(r) we see that the following
equations hold
x(rb)x(rc) = 1, x(m)x(∞) = 1, x(ra)x(rd) = 1, (2.5)
x(2m) = 1, x(0) = −1. (2.6)
That is: rb and rc are mapped into each other, r = m and r =∞ are mapped into each other,
ra and rd are mapped into each other, r = 2m and r = 0 are mapped into themselves under
the conformal isometry.
At r = m the four dimensional Weyl tensor vanishes which is what happens at I (r =∞).
This is easily seen from the form of the squared Weyl tensor,
CabcdC
abcd =
48(r −m)2m2
r8
. (2.7)
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Since this is a conformally invariant statement, any hypersurface that is exchanged with I
must have this property. The hypersurface r = 2m is a photon sphere[4].
It is worth mentioning that the choice of x(r) in equation (2.1) was found by insisting
that
x(2m) = 1, x(rb) = 0, x(rc) =∞. (2.8)
In fact, any definition that insists that one of the three pairs, (rb, rc), (r = m, r = ∞) or
(ra,rd), are mapped into zero and infinity and r = 2m is mapped into 1 or r = 0 is mapped
into −1 (that is, they are the fixed points of the mapping) will give the same results as we
have shown here. Therefore the choice of x(r) above is in no way special.
We can visualize these results in a Carter-Penrose diagram for the conformally extended
lukewarm spacetime. We follow Walker’s algorithm[5] and glue together the 4 different blocks
of the spacetime. These four blocks are bounded by r = ∞ and rc, rc and rb, rb and ra, ra
and r = 0.
However, we can take inspiration from statistical mechanics and negative temperature
systems and extend the diagram beyond infinity. That is, we extend the first and fourth
blocks and glue them together along rd and let r go between minus infinity and zero in this
new region. The result is shown in figure 1.
We see that the inversion acts as a mirroring of the regions on either side of the fixed
points of the inversion, r = 2m and r = 0.
Therefore we see that the negative root, rd, has an unphysical interpretation since it is
conformal to the inner horizon of the black hole, ra, as we saw in equation (2.5).
3 Conclusions and acknowledgements
The lukewarm Reissner-Nordstro¨m-de Sitter spacetime possesses a discrete conformal isom-
etry that can be extended beyond infinity to negative values of r. This conformal isometry
exchanges the outer black hole horizon and the cosmological horizon, the inner black hole
horizon and the negative root as well as the two hypersurfaces at r = m and r =∞.
I would like to thank my supervisor Ingemar Bengtsson for all the help, since without
him, this work would not have been completed.
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Figure 1: Carter-Penrose diagram for the conformally extended Reissner-Nordstro¨m-de Sitter
spacetime. The circles around the diagram indicate in which direction r grows. The dashed
lines play a role in the conformal isometry of the spacetime as described above.
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